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CR INVARIANT POWERS OF THE SUB-LAPLACIAN
A. ROD GOVER AND C. ROBIN GRAHAM
Abstract. CR invariant differential operators on densities with
leading part a power of the sub-Laplacian are derived. One family
of such operators is constructed from the “conformally invariant
powers of the Laplacian” via the Fefferman metric; the powers
which arise for these operators are bounded in terms of the dimen-
sion. A second family is derived from a CR tractor calculus which
is developed here; this family includes operators for every posi-
tive power of the sub-Laplacian. This result together with work of
C˘ap, Slova´k and Souc˘ek imply in three dimensions the existence
of a curved analogue of each such operator in flat space.
1. Introduction
Invariant differential operators have a long history of importance and
this is particularly the case for operators of Laplace type. The confor-
mally invariant Laplacian is the basic example in conformal geometry.
A family of higher order generalizations of the conformal Laplacian with
principal part a power of the Laplacian was constructed in [22] and has
been the subject of recent interest. In CR geometry, the CR invariant
sub-Laplacian of Jerison-Lee ([27]) plays a role analogous to that of the
conformal Laplacian. In this paper we construct and study generaliza-
tions of the Jerison-Lee sub-Laplacian which are CR analogues of the
“conformally invariant powers of the Laplacian”.
One can deduce the existence of some such operators in the CR
case from the conformal operators via the Fefferman metric. Fefferman
[12] showed that to a CR manifold M of dimension 2n + 1 one can
associate a conformal structure on a circle bundle C of dimension N =
2n + 2. On conformal manifolds of dimension N , the construction
in [22] produces for each w, such that N/2 + w = k ∈ N and k ≤
N/2 if N is even, a conformally invariant natural differential operator
Pk : E(w)→ E(w − 2k), with principal part ∆k, where E(w) denotes
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the space of conformal densities of weight w. As we explain in the
next section, on a CR manifold one can consider CR densities E(w,w′)
parametrized by (bi-)weights (w,w′) ∈ C × C. It is necessary that
w − w′ ∈ Z in order that E(w,w′) be well-defined and this is always
implicitly assumed. The space E(w,w′) of CR densities on M can
be naturally regarded as a subspace of the space of conformal densities
E(w+w′) on C. The operators Pk for the Fefferman metric can be shown
to preserve the subspaces of CR densities and it is straightforward to
calculate the principal part of the induced operators. One thereby
obtains:
Theorem 1.1. Let n + 1 + w + w′ = k ∈ N with k ≤ n + 1. There is
a CR invariant natural differential operator
Pw,w′ : E(w,w
′)→ E(w − k, w′ − k)
whose principal part agrees with that of ∆kb .
In the case that M is a flat CR manifold, the hypothesis k ≤ n + 1
is unnecessary in this construction and in the flat case the operators
Pw,w′ exist for all (w,w
′) such that n+ 1 + w + w′ ∈ N.
In the conformal case, it is conjectured that ifN is even and k > N/2,
there is no natural operator with principal part ∆k mapping E(−N/2+
k)→ E(−N/2− k). This has been established for N = 4, k = 3 ([21])
and N = 6, k = 4 ([35]). Our main result is the existence in the CR
case of the following family of operators, which includes operators of
higher orders. Set N0 = N ∪ {0}.
Theorem 1.2. For each (w,w′) such that n+1+w+w′ = k ∈ N and
(w,w′) /∈ N0×N0, there is a CR invariant natural differential operator
Pw,w′ : E(w,w
′)→ E(w − k, w′ − k)
whose principal part agrees with that of ∆kb .
In order to construct the operators Pw,w′, we derive a tractor calculus
for CR geometry which we anticipate will be of independent interest.
The main ingredients are to define a tractor bundle, a complex vector
bundle of rank n+2 over M , together with a CR invariant connection,
and an extension of this connection to a so-called tractor D operator
between weighted tractor bundles. We give a direct derivation of these
in terms of the pseudohermitian Tanaka-Webster connection induced
by a choice of contact form on M , parallel to the derivation in [1] in
the projective and conformal cases. The tractor bundle and connection
can also be derived from the CR Cartan connection of Cartan, Tanaka,
Chern-Moser, but we found it preferable to proceed directly, especially
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for the tractor D calculus needed for the construction of the invariant
operators. See [1], [9], [17], [4] for further discussion and background
about tractors. Given this machinery, the construction of the opera-
tors Pw,w′ follows a similar construction of Eastwood and Gover in the
conformal case described in [17], involving iterating tractor D’s. The
operators so constructed are strongly invariant in the sense of [9], i.e.
they act invariantly not just on scalar densities but also on density-
valued tractors. Note that the tractor construction does not yield an
operator in the case w = w′ = 0 even though the construction via the
Fefferman metric does; this is the only weight for which this occurs.
However, when n = 1, a refinement of the tractor construction does
produce a CR invariant (but not necessarily strongly invariant) oper-
ator P0,0 : E(0, 0) → E(−2,−2), which by direct calculation can be
seen to agree with P0,0. Based on the situation in the conformal case
([18]), we do not anticipate that the operators Pw,w′ and Pw,w′ agree
in general when both are defined. In fact, one must make choices of
orderings and conjugations in defining Pw,w′, and one expects that dif-
ferent choices will in general lead to different operators. In the flat case,
the tractor construction (suitably interpreted) also produces operators
for all (w,w′) for which n + 1 + w + w′ ∈ N; these do agree with the
corresponding operators constructed via the Fefferman metric.
A construction of invariant natural operators is given in [6] for gen-
eral parabolic geometries, of which CR geometry is a special case. This
construction produces curved analogues of many invariant operators on
the flat homogeneous model, in the case when the flat operators are
standard and act between irreducible bundles corresponding to integral
non-singular highest weight vectors. For CR geometry with n ≥ 2, any
flat operator Pw,w′ satisfying these criteria has min{w,w′} ≤ −n − 1.
So in these dimensions Theorem 1.2 substantially extends the results of
[6]. However, the three dimensional case is special: the relevant para-
bolic is a Borel subalgebra, so all flat operators are standard. There do
exist bundles E(w,w′) with w+w′+2 ∈ N corresponding to non-integral
or singular highest weight vectors, for which [6] does not apply. How-
ever, one can check that if (w,w′) ∈ N0 × N0, then the highest weight
vector for the bundle E(w,w′) is integral and non-singular. We are
not aware that it has been established in general that a given specific
operator constructed in [6] has the desired principal part, or even is
nonzero. However, it is possible to show that this is the case for all the
operators which arise in three dimensional CR geometry. Therefore, in
three dimensions Theorem 1.2 and [6] together yield the existence of a
curved version of each of the flat operators:
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Theorem 1.3. For each (w,w′) satisfying w + w′ + 2 = k ∈ N, there
is a natural differential operator on three dimensional CR manifolds
mapping E(w,w′)→ E(w− k, w′− k), whose principal part agrees with
that of ∆kb .
Kengo Hirachi has informed us that he has established the existence of
such an operator in three dimensions mapping E(1, 1)→ E(−3,−3) via
the CR ambient metric with ambiguity derived in [26]. We are grateful
to Andi C˘ap for pointing out to us the special applicability of [6] in the
three dimensional case.
In Section 2 we review the basic facts about CR structures and pseu-
dohermitian geometry. We derive the tractor bundle, its connection,
curvature, and the tractor D operators in Section 3. These in turn are
used in Section 4 to construct the operators Pw,w′. The main point
in proving Theorem 1.2 is that there are natural candidate operators
which can be written down in terms of iterated tractor D operators
whose principal part is a multiple of ∆kb and it must be determined
when the multiple is nonzero. This leads to some numerology in cal-
culating the multiple for flat space. Finally in Section 5 we review
Lee’s formulation of the Fefferman metric and the GJMS construction
of the conformal operators and present the details of the proof of Theo-
rem 1.1. We show how this derivation via the Fefferman metric can be
reformulated in terms of Fefferman’s ambient metric and also in terms
of the Ka¨hler-Einstein metric of Cheng-Yau when M is a hypersurface
in Cn+1, and close with a brief discussion of Q-curvature in the CR
case. Our presentation in this section in terms of the Fefferman metric
is influenced by the point of view explicated in [14]. In Sections 4 and
5 we also prove that the operators Pw,w′ and Pw,w′ are self-adjoint (for
Pw,w′ the orderings of the D operators in the iteration must be chosen
appropriately).
It is a pleasure to thank Andi C˘ap, Mike Eastwood and Kengo
Hirachi for helpful discussions.
2. Pseudohermitian Geometry
A CR-structure on a (2n+1)-dimensional smooth manifold M is an
n-dimensional complex subbundle T 1,0 ⊂ CTM such that T 1,0∩T 1,0 =
{0} and satisfying the integrability condition [T 1,0, T 1,0] ⊆ T 1,0, where
we have used the same notation T 1,0 for the bundle and the space
of its smooth sections. Set T 0,1 = T 1,0 and define Λ1,0 ⊂ CT ∗M by
Λ1,0 = (T 0,1)⊥. The canonical bundle K := Λn+1(Λ1,0) is a complex
line bundle on M . We will assume that K admits an (n + 2)nd root
and we fix a bundle denoted E(1, 0) which is a −1/(n + 2) power of
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K. The bundle E(w,w′) := (E(1, 0))w ⊗ (E(1, 0))w
′
of (w,w′)-densities
is defined for w,w′ ∈ C satisfying w − w′ ∈ Z. (If E(1, 0) \ {0} is
viewed as a C∗-principal bundle, then E(w,w′) is the bundle induced
by the representation λ → λwλw
′
of C∗.) Without further comment,
we will assume implicitly whenever we write E(w,w′) that w,w′ ∈ C
and w − w′ ∈ Z. We will also usually write E(w,w′) for the space of
sections of this bundle; the interpretation should be clear from context.
The bundle
H = Re(T 1,0)
is a real 2n-dimensional subbundle of TM . H carries a natural almost
complex structure map given by J(Z + Z¯) = i(Z − Z¯) for Z ∈ T 1,0,
which induces an orientation on H . We will assume that M is ori-
entable, which implies that the bundle H⊥ ⊂ T ∗M admits a nonvan-
ishing global section. A pseudohermitian structure on M is the choice
of such a contact 1-form θ. We fix an orientation on the bundle H⊥
and restrict consideration to θ’s which are positive relative to this ori-
entation. The Levi-form of θ is the Hermitian form h on T 1,0 defined
by
h(Z,W ) = −2idθ(Z,W ).
We assume that the CR structure is nondegenerate, i.e. h is a nonde-
generate form, whose signature we denote by (p, q), p + q = n. Given
a pseudohermitian form θ, define T to be the unique vector field on M
satisfying
(2.1) θ(T ) = 1 and T dθ = 0.
An admissible coframe is a set of (1, 0) forms {θα}, α = 1, · · · , n, which
satisfy θα(T ) = 0 and whose restrictions to T 1,0 form a basis for (T 1,0)∗.
We will use lower case Greek indices to refer to frames for T 1,0 or its
dual. We may also interpret these indices abstractly, so will denote by
Eα the bundle T 1,0 (or its space of sections) and by Eα its dual, and
similarly for the conjugate bundles or for tensor products thereof. By
integrability and (2.1), we have
dθ = ihαβθ
α ∧ θβ
for a smoothly varying Hermitian matrix hαβ , which we may interpret
as the matrix of the Levi form in the frame θα, or as the Levi form
itself in abstract index notation.
It is shown in Lemma 3.2 of [30] (see also (4.3) of [31]) that if ζ is
a (locally defined) nonvanishing section of K, then there is a unique
pseudohermitian form θ with respect to which ζ is volume normalized
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in the sense that
θ ∧ (dθ)n = in
2
n!(−1)qθ ∧ (T ζ) ∧ (T ζ).
This is equivalent to the requirement that ζ have unit length with re-
spect to the natural norm induced by θ and h. Upon replacing ζ by λζ ,
where λ is a smooth C∗-valued function, θ is replaced by |λ|2/n+2θ. Now
|ζ |−2/n+2 := ζ−1/(n+2) ⊗ ζ
−1/(n+2)
is a section of K−1/n+2 ⊗ K
−1/n+2
=
E(1, 1), so θ := θ ⊗ |ζ |−2/n+2 defines a section of T ∗M ⊗ E(1, 1) which
depends only on the CR structure. The Levi form of θ scales the same
way, so defines a canonical section hαβ of Eαβ(1, 1), where in general
we denote the tensor product with a density bundle by omitting the
second E : Eα(w,w′) := Eα ⊗ E(w,w′). We will use exclusively hαβ and
its inverse hαβ ∈ Eαβ(−1,−1) to raise and lower indices, so that raising
and lowering indices changes weight. The choice of pseudohermitian
form θ on M is equivalent to the choice of a CR-scale 0 < t ∈ E(1, 1)
related by θ = tθ, and we also have hαβ = thαβ . If Υ ∈ C
∞(M), the
change of pseudohermitian structure θˆ = eΥθ results in hˆαβ = e
Υhαβ
and tˆ = e−Υt. A pseudohermitian structure is said to be flat if it is
locally equivalent to the Heisenberg group with its standard pseudo-
hermitian structure. It is said to be CR flat if there is a rescaling of θ
which is pseudohermitian flat.
A choice of pseudohermitian structure determines a connection on
TM , the Tanaka-Webster, or pseudohermitian, connection ([33], [34]).
It is given in terms of an admissible coframe by
(2.2) ∇θα = −ωβ
α ⊗ θβ, ∇θ = 0,
where Webster’s connection 1-forms ωβ
α satisfy
dθα = θβ ∧ ωβ
α + Aαβθ ∧ θ
β,
and the pseudohermitian torsion tensor Aαβ = Aαβ ∈ E(αβ) is sym-
metric. (According to our conventions for raising indices, Aαβ is a
section of Eαβ(−1,−1).) In particular, this connection preserves T
1,0,
so induces connections on Eα and Eα. One has ∇h = 0. There is an
induced connection on the canonical bundle, and therefore also on all
the density bundles E(w,w′).
Proposition 2.1. ∇θ = 0
Proof. The definition is θ = θ⊗|ζ |−2/n+2, where ζ is volume normalized
with respect to θ. Since ∇θ = 0, it suffices to show that ∇|ζ |2 = 0 for
such ζ . Choose an admissible coframe {θα} such that ζ = θ∧θ1∧· · ·∧θn.
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The condition that ζ is volume normalized is equivalent to det(hαβ) =
(−1)q. By (2.2) we have
(2.3) ∇ζ = −ωα
α ⊗ ζ.
It follows that ∇|ζ |2 = −(ωαα + ωαα) ⊗ |ζ |2. However, from ∇h = 0
one obtains ωα
α + ωαα = h
αβdhαβ = 0 as desired. 
From Proposition 2.1 we conclude that ∇t = 0, where t is the scale
associated to θ, and that ∇h = 0.
The pseudohermitian connection preserves the splitting CTM =
T 1,0 ⊕ T 0,1 ⊕ span T. Therefore, if we decompose a tensor field rela-
tive to this splitting (and/or its dual), we may calculate the covariant
derivative componentwise. Each of the components may be regarded
as a section of a tensor product of Eα or its dual or conjugates thereof.
Therefore we will often restrict consideration to the action of the con-
nection on Eα or Eα. We will use indices α, α, 0 for components with
respect to the frame {θα, θα, θ} and its dual, so that the 0-components
incorporate weights. If f is a (possibly density-valued) tensor field, we
will denote components of the (tensorial) iterated covariant derivatives
of f in such a frame by preceding ∇’s, e.g. ∇α∇0 · · ·∇βf . As usual,
such indices may alternately be interpreted abstractly. So, for example,
if fβ ∈ Eβ(w,w′), we will consider ∇f as the triple ∇αfβ ∈ Eαβ(w,w′),
∇αfβ ∈ Eαβ(w,w′), ∇0fβ ∈ Eβ(w − 1, w′ − 1).
The torsion and curvature of ∇ can be described by structure equa-
tions for the forms ωα
β (see (2.2) above and (1.3) of [29]), or by com-
muting second derivatives on functions and 1-forms (see Lemma 2.3 of
[31]. We generally follow the same conventions as [31], [29], except that
we substitute θ,h for θ, h so that all quantities are naturally weighted.)
These can be expressed in terms of the pseudohermitian curvature ten-
sor Rαβγδ ∈ Eαβγδ(1, 1), Aαβ , ∇γAαβ, and conjugates of the latter two.
Flat pseudohermitian structures are characterized by the vanishing of
Rαβγδ and Aαβ. The Webster-Ricci tensor is defined by
Rαβ = Rγ
γ
αβ ∈ Eαβ
and the Webster scalar curvature by
R = Rα
α ∈ E(−1,−1).
From these we define
Pαβ :=
1
n+ 2
(
Rαβ −
1
2(n+ 1)
Rhαβ
)
.
We will also need to know how to commute derivatives of densities.
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Proposition 2.2. If f ∈ E(w,w′), then
∇α∇βf −∇β∇αf = 0
∇α∇βf −∇β∇αf =
w − w′
n + 2
Rαβf − ihαβ∇0f
∇α∇0f −∇0∇αf =
w − w′
n + 2
(∇γAγα)f + Aαγ∇
γf.
(2.4)
Proof. We first note that (2.4) holds when w = w′ = 0, since in that
case it agrees with Lemma 2.3 of [31]. Now it is a straightforward
consequence of the definitions that if V is a vector bundle with con-
nection over a manifold M , which itself has a linear connection, if vA
is a section of V , then
(2.5) [∇i,∇j]v
A = ΩijB
AvB − T kij∇kv
A,
where here i, j, k label TM , Ω denotes the curvature of the connection
on V , T kij denotes the torsion of the connection on TM , and the second
covariant derivative is with respect to the coupled connection on T ∗M⊗
V . We first apply (2.5) taking V to be the trivial bundle with the
flat connection over our pseudohermitian manifold with its connection:
the case w = w′ = 0. The curvature term vanishes, and we conclude
that the torsion term in (2.5) is exactly the right hand side of (2.4) for
w = w′ = 0. Next let w = −(n+2), w′ = 0, and take V = E(w,w′) = K
with its induced connection. The form of the torsion term in (2.5) is
independent of the choice of V , so takes exactly the same form as in
the previous case. To identify the curvature term, observe that since
K is a line bundle, its curvature is a scalar 2-form on M . Choose an
admissible coframe and set ζ = θ ∧ θ1 ∧ · · · ∧ θn. Then we have (2.3),
so the connection form for K relative to the frame {ζ} is −ωαα. The
curvature of K is therefore −2dωαα. However, (2.3), (2.4) of [31] state
that
dωα
α = Rαβθ
α ∧ θβ +∇βAβαθ
α ∧ θ −∇βAβαθ
α ∧ θ.
Thus (2.5) reduces to (2.4) for w = −(n+2), w′ = 0. The general case
now follows upon conjugating, taking powers, and adding. 
Proposition 2.2 together with the formulae in Lemma 2.3 of [31] enable
one to calculate the effect of commuting covariant derivatives on any
weighted tensor field.
If θˆ = eΥθ is another pseudohermitian form, we can express the con-
nection, curvature, and torsion for θˆ in terms of that for θ. We consider
first the relation between the induced connections on tensor products
of Eα or its dual or conjugates thereof. For efficiency in expressing the
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transformation laws, we will denote covariant derivatives of Υ with in-
dices: ∇α∇βΥ = Υβα. One observes first that if {θ
α} is an admissible
coframe for θ, then {θˆα = θα + iΥαθ} defines an admissible coframe
for θˆ. Since the restrictions of θˆα and θα to T 1,0 agree, the components
of a section f of Eα or its dual (or conjugates or tensor products) are
the same in the two frames. We will denote by ∇̂αf , ∇̂αf , and ∇̂0f
the components of ∇̂f relative to {θˆα, θˆα, θ}. For example, if f is an
unweighted function, one obtains upon changing frames that
(2.6) ∇̂αf = ∇αf, ∇̂αf = ∇αf, ∇̂0f = ∇0f+ iΥ
γ∇γf−iΥ
γ∇γf.
The connection forms ωˆα
β for ∇̂ can be expressed in terms of ωαβ
and Υ; this is Lemma 3.4 of [29]. It is straightforward to use this to
calculate the analogue of (2.6) for a section τβ of Eβ. One obtains:
(2.7)
∇̂ατβ = ∇ατβ −Υβτα −Υατβ
∇̂α¯τβ = ∇α¯τβ + hβα¯Υ
γτγ
∇̂0τβ = ∇0τβ + iΥ
γ¯∇γ¯τβ − iΥ
γ∇γτβ − i(Υ
γ
β −Υ
γΥβ)τγ.
We also need to know how the connection transforms on densities.
Proposition 2.3. If f ∈ E(w,w′), then
∇̂αf =∇αf + wΥαf
∇̂αf =∇αf + w
′Υαf
∇̂0f =∇0f + iΥ
γ∇γf − iΥ
γ∇γf
+ 1
n+2
[
(w + w′)Υ0 + iwΥ
γ
γ − iw
′Υγγ + i(w
′ − w)ΥγΥγ
]
f
Proof. As in the proof of Proposition 2.2, if we establish the result
for w = −(n + 2), w′ = 0, the general case follows by conjugating,
taking powers, and adding. Let ζ = θ ∧ θ1 ∧ · · · ∧ θn be a section of
K = E(−(n + 2), 0). Then ∇ζ is given by (2.3). However, also ζ =
e−Υθˆ∧ θˆ1∧· · ·∧ θˆn, so applying (2.3) again gives ∇̂ζ = −(ωˆαα+dΥ)⊗ζ .
Therefore
∇̂ζ −∇ζ = −(ωˆα
α − ωα
α + dΥ)⊗ ζ.
Now Lemma 3.4 of [29] gives ωˆα
β − ωαβ in terms of Υ. Contracting,
adding dΥ, and reformulating the result in terms of components yields
the desired formulae. 
The curvature and torsion also transform under the pseudohermitian
change. From Lemma 2.4 of [31] one obtains
(2.8) P̂αβ = Pαβ −
1
2
(Υαβ +Υβα)−
1
2
ΥγΥ
γ
hαβ
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and
(2.9) Âαβ = Aαβ + iΥαβ − iΥαΥβ.
We also will need the transformation laws for two other objects. Set
P = Pα
α = 1
2(n+1)
R and define
Tα =
1
n+ 2
(∇αP − i∇
βAαβ) ∈ Eα(−1,−1),
S = −
1
n
(∇αTα +∇
α¯Tα¯ + PαβP
αβ − AαβA
αβ) ∈ E(−2,−2).
Straightforward calculation using the formulae discussed above and the
Bianchi identities of Lemma 2.2 of [31] gives:
T̂α = Tα +
i
2
Υ0α + Pα
βΥβ − iAαβΥ
β
+ 1
2
ΥαβΥ
β − 1
2
Υα
βΥβ −
1
2
ΥβΥ
βΥα,
Ŝ = S + 1
2
Υ00 − 3(Υ
αTα +Υ
αTα)
+ i(Υ0αΥ
α −Υ0αΥ
α)− 1
4
(Υ0)
2 + 3i
2
(AαβΥ
αΥβ − AαβΥ
αΥβ)
− 3PαβΥ
αΥβ − 1
2
(ΥαβΥ
αΥβ +ΥαβΥ
αΥβ)
+ 1
2
(Υαβ +Υβα)Υ
αΥβ + 3
4
(ΥαΥ
α)2.
We derived the expressions for Tα and S from the condition that they
satisfy transformation laws of this form, which we needed to construct
the tractor connection in the next section. Only later did we observe
that they occur already in [30] as components of the connection forms
and Ricci tensor of the Fefferman metric. Also, Tα and a variant of S
arise in [29], where they were combined with Pαβ and Aαβ to form a 2-
tensor onM which was used to construct a version of pseudohermitian
normal coordinates. In that work, only the part of the transforma-
tion laws involving highest derivatives (counted non-isotropically) of Υ
was relevant. The version of S in [29] therefore does not include the
PαβP
αβ − AαβA
αβ term, which however is important for us.
3. Tractors
The pseudohermitian connection depends on the choice of θ. In this
section we construct a vector bundle of rank n+2 over M , the tractor
bundle, together with a CR invariant tractor connection. We also show
how to extend this connection to a CR invariant tractor D operator on
weighted tractors which can be iterated.
For a given choice of θ, the (co-)tractor bundle EA is realized as a
direct sum
(3.1) EA = E(1, 0)⊕ Eα(1, 0)⊕ E(0,−1).
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The realization corresponding to θˆ = eΥθ is identified with that for θ
via
(3.2)

 σˆτˆα
ρˆ

 =

 στα +Υασ
ρ−Υβτβ −
1
2
(ΥβΥβ + iΥ0)σ

 =MΥ

 στβ
ρ

 ,
where σ ∈ E(1, 0), τβ ∈ Eβ(1, 0), ρ ∈ E(0,−1), and
MΥ =

 1 0 0Υα δαβ 0
−1
2
(ΥγΥγ + iΥ0) −Υβ 1

 .
Recalling (2.6), it is easily checked that these identifications are consis-
tent upon changing to yet a third θ. We may therefore mod them out
to obtain a bundle EA determined solely by the CR structure. (More
formally, the total space of the bundle EA can be defined to be the dis-
joint union of one copy of the total space of E(1, 0)⊕Eα(1, 0)⊕E(0,−1)
for each global section θ, modulo the equivalence relation (3.2). The
smooth structure on this total space and the linear structure on the
fibers are inheirited from that of any of the realizations.) The subspaces
{σ = 0} and {σ = τα = 0} are preserved by the identifications, so de-
termine canonical subbundles of EA. This composition series structure
is what remains of the direct sum decomposition (3.1) after making the
identifications. The vector given by σ = τα = 0, ρ = 1 is preserved by
MΥ, so defines an invariant section of EA(0, 1) = EA⊗E(0, 1) which we
denote by ZA. The matrix MΥ is in SU(hAB), where
hAB =

0 0 10 hαβ 0
1 0 0

 .
It follows that hAB defines an invariant Hermitian metric on EA, and
that EA has an invariant volume form. We denote by EA the conjugate
bundle, by EA the dual bundle (the tractor bundle), and we use hAB
and its inverse to raise and lower tractor indices.
We define a connection on EA as follows. If
vA =

 στα
ρ


is a section of EA in the realization determined by θ, set
∇βvA =

 ∇βσ − τβ∇βτα + iAαβσ
∇βρ− Pβ
ατα + Tβσ

 ,
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(3.3) ∇βvA =

 ∇βσ∇βτα + hαβρ+ Pαβσ
∇βρ+ iAβ
ατα − Tβσ

 ,
∇0vA =

 ∇0σ + in+2Pσ − iρ∇0τα − iPαβτβ + in+2Pτα + 2iTασ
∇0ρ+
i
n+2
Pρ+ 2iT ατα + iSσ

 ,
where Tα and S were defined in §2, and where the ∇’s on the right
hand side refer to the pseudohermitian connection on the appropriate
weighted bundles. This operation satisfies a Leibnitz formula so defines
a connection on EA. It is a direct calculation using the transformation
formulae in the previous section to show that the definition is inde-
pendent of the choice of θ, and therefore CR invariant. For example,
consider the second component of ∇βvA. Using (2.7), Proposition 2.3,
and (2.9), we obtain
∇̂β τˆα + iAˆαβ σˆ =∇̂β(τα +Υασ) + iAˆαβσ
=∇β(τα +Υασ)−Υβ(τα +Υασ)−Υα(τβ +Υβσ)
+ Υβ(τα +Υασ) + i(Aαβ + iΥαβ − iΥαΥβ)σ
=(∇βτα + iAαβσ) + Υα(∇βσ − τβ)
as desired. (Here we verified the full transformation law, but it suffices
to check invariance to first order in Υ.) This connection induces con-
nections on the dual and conjugate and tensor product bundles, and
a calculation shows that ∇hAB = 0 (reflecting a Hermitian symmetry
inherent in (3.3)). Therefore differentiation commutes with raising and
lower tractor indices.
One can calculate the curvature of the tractor connection from (2.5),
using the commutation formulae and Bianchi identities of [31]. The
result is the following:
ΩρσA
B = 0, ΩρσA
B = 0, ΩρσA
B =

 0 0 0iVρσα Sρσαβ 0
Uρσ −iVσρβ 0

 ,
Ωρ0A
B =

 0 0 0Qαρ Vρβα 0
Yρ −iUρβ 0

 , Ωρ0AB =

 0 0 0−iUαρ −V βαρ 0
−Yρ −Qρβ 0

 ,
where the component tensors are given by
Sαβρσ = Rαβρσ − Pαβhρσ − Pρσhαβ − Pασhρβ − Pρβhασ
Vαβρ = ∇βAαρ + i∇ρPαβ − iTρhαβ − 2iTαhρβ
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Uαβ = ∇αTβ +∇βTα + Pα
γPγβ −AαγA
γ
β + Shαβ
Qαβ = i∇0Aαβ − 2i∇βTα + 2Pα
γAγβ
Yα = ∇0Tα − i∇αS + 2iPα
γTγ − 3Aα
γTγ
Vβασ = Vβασ, Qαβ = Qαβ , Yβ = Yβ,
and have the properties:
Sαβρσ = Sρβασ = Sβασρ, Sα
α
ρσ = 0
Vαβγ = Vγβα, Vα
α
γ = 0
Uαβ = Uβα, Uα
α = 0
Qαβ = Qβα.
This should be compared with the curvature of Chern’s Cartan connec-
tion (see [7], [34]). We observe for future reference that the vanishing
trace conditions above imply
(3.4) Ωρ
ρ
A
B = 0.
Next we use the tractor connection to construct a CR invariant sec-
ond order differential operator D between tractor bundles. Let us write
E∗(w,w′) to indicate any weighted tractor bundle (with arbitrary lists
of conjugated and/or unconjugated upper and/or lower indices). The
tractor D operator
DA : E
∗(w,w′)→ EA ⊗ E
∗(w − 1, w′)
is defined by
DAf =

 w(n+ w + w′)f(n+ w + w′)∇αf
−(∇β∇βf + iw∇0f + w(1 +
w′−w
n+2
)Pf)


in the realization determined by a choice of θ. Here ∇αf refers to
the tractor connection defined above coupled with the pseudohermi-
tian connection on the relevant density bundle. The ∇β in the bottom
component additionally couples the pseudohermitian connection on Eβ.
That this definition is CR invariant is again a direct calculation of its
transformation under change of θ. The tractor indices on f play no role
whatsoever in this calculation since the tractor connection is invariant.
The first component does not depend on θ, as required. For the second
component, by Proposition 2.3 we have ∇̂αf = ∇αf +wΥαf , which is
precisely what is required by the identification. The third follows upon
transforming the connection using (2.7) and Proposition 2.3 and sub-
stituting the contraction of (2.8). Conjugation produces the operator
DA : E
∗(w,w′)→ EA ⊗ E
∗(w,w′ − 1).
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Both DA and DA clearly commute with raising and lowering tractor
indices. A straightforward calculation from the definition shows that
one has
(3.5) DAZ
Af = (n+ w + w′ + 2)(n+ w + 1)f
for f ∈ E∗(w,w′), where here and in what follows we view ZA as a
multiplication operator and we omit the parentheses when composing
operators.
One motivation for the DA operator is its interpretation in flat space.
The flat model can be taken to be a real hyperquadric in CPn+1. A
section of E(w,w′) can be interpreted as a function on the associated
affine null cone N which is homogeneous of degree (w,w′). If n+ w +
w′ 6= 0, such a function f has a homogeneous extension f˜ off N which
is harmonic to first order with respect to the corresponding Laplacian,
and one has
DAf = (n+ w + w
′)∂Af˜ |N .
A similar interpretation can be made in the curved case when M is
a hypersurface in Cn+1; in this situation the extension is required to
be harmonic to first order with respect to Fefferman’s ambient met-
ric. Details of this and further connections between tractors and the
ambient construction will be given in [5].
It is often useful to decompose DA into two pieces. Given a choice
of θ, let us write  : E∗(w,w′) → E∗(w − 1, w′ − 1) for the operator
appearing in the bottom slot of the above formula for the tractor D
operator; that is
(3.6) f := ∇α∇αf + iw∇0f + w(1 +
(w′ − w)
n + 2
)Pf,
and by  : E∗(w,w′)→ E∗(w − 1, w′ − 1) the corresponding conjugate
operator given by
f := ∇α∇
αf − iw′∇0f + w
′(1−
(w′ − w)
n + 2
)Pf.
We also define D˜A : E∗(w,w′)→ EA ⊗ E∗(w − 1, w′) by
D˜Af :=

 wf∇αf
0

 ,
with conjugate D˜A¯ : E
∗(w,w′) → EA ⊗ E
∗(w,w′ − 1). Then clearly we
have
(3.7) DAf = (n+ w + w
′)D˜Af − ZAf.
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A direct calculation shows that as operators on any weighted tractor
bundle,
(3.8) [, ZA] = D˜A .
Another calculation (using (3.4)) gives
(3.9) (−) = (n+ w + w′)(i∇0 +
(w′ − w)
n + 2
P )
on E∗(w,w′). The operators  and D˜A depend on the choice of θ and
are not CR invariant.
4. Invariant Operators Via Tractors
A first attempt to use tractors to construct an invariant operator
from densities to densities would be to form DAD
Af . However, direct
calculation shows that this vanishes identically for f a tractor field
of any weight. Note, though, that if f has weight (w,w′) satisfying
n+ w + w′ = 0, then from (3.7)
DAf = −ZAf.
Therefore,  is a CR invariant differential operator
 : E∗(w,w′)→ E∗(w − 1, w′ − 1), n + w + w′ = 0.
This is a generalization of the sub-Laplacian of Jerison-Lee ([27]), which
is  on E(−n
2
,−n
2
). The operator  is also CR invariant when n+w+
w′ = 0, but from (3.9) we conclude that  =  for such (w,w′).
It follows immediately from these observations and the invariance of
DA that for k ≥ 1, the operator
(4.1) DB · · ·DADA · · ·DB︸ ︷︷ ︸
k−1
: E∗(w,w′)→ E∗(w − k, w′ − k)
is CR invariant if n+w+w′ = k−1. Variants of this operator can also
be formed which are invariant between the same spaces by replacing
some of the indices by barred indices and by reordering the D factors
independently on either side of the . It is not hard to see that in any
choice of CR scale, the principal part of any such operator agrees with
a multiple of that of ∆kb , where ∆b = −(∇
α∇α + ∇α∇α). However,
the multiple can vanish. By calculating these operators explicitly in
flat space, we will determine when the multiple is nonzero and thereby
prove the following strengthening of Theorem 1.2.
Theorem 4.1. For each (w,w′) such that n+w+w′+1 = k ∈ N and
(w,w′) /∈ N0×N0, there is a CR invariant natural differential operator
Pw,w′ : E
∗(w,w′)→ E∗(w − k, w′ − k)
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whose principal part agrees with that of ∆kb .
For fixed (w,w′) as in Theorem 4.1 we shall in general obtain several
operators Pw,w′ corresponding to different choices of barred and un-
barred indices and different orderings of the D factors. We shall see
that these operators all agree for a flat CR structure.
It is straightforward but tedious to check directly from the definition
that for a flat pseudohermitian structure,
(4.2) [DB, DC ] = 0, [DB, DC¯ ] = 0, and [DB¯, DC¯ ] = 0
as operators on any weighted tractor bundle. Since DA is CR invariant,
this remains true if the structure is only CR flat. So in the flat case, it
is clear that the order of the D factors is irrelevant.
The following proposition calculates the operators in flat space. The
proof of Theorem 4.1 only uses the cases k1 = 0 or k2 = 0, but we
include the general case for completeness.
Proposition 4.2. Let (w,w′) satisfy n + w + w′ + 1 = k ∈ N. Let
k1, k2 ∈ N0 be such that k1 + k2 = k − 1. For a flat pseudohermitian
structure, we have as operators on E∗(w,w′):
(4.3) DB · · ·DI︸ ︷︷ ︸
k1
DJ¯ · · ·DQ¯︸ ︷︷ ︸
k2
= (−1)k−1ZB · · ·ZIZJ¯ · · ·ZQ¯
k
DQ¯ · · ·DJ¯DI · · ·DBDB · · ·DI︸ ︷︷ ︸
k1
DJ¯ · · ·DQ¯︸ ︷︷ ︸
k2
= (−1)k−1(k − 1)!
k1−1∏
i=0
(w − i)
k2−1∏
j=0
(w′ − j)k
(4.4)
(4.5) k = 
k
.
We have written k for the k-fold composition of  with itself. Note
that each factor is acting on a different density space, so each  in the
composition is really a different operator. In case k1 or k2 equals 0, the
empty product in (4.4) is to be interpreted as 1.
Proof of Theorem 4.1 using Proposition 4.2. Conjugating if necessary,
we may assume without loss of generality that w /∈ N0. Set k1 = k− 1,
k2 = 0. The numerical factor on the right hand side of (4.4) is then
nonzero. Since the principal part of −2 agrees with that of ∆b, we
may define Pw,w′ by multiplying the left hand side of (4.1) by the
appropriate constant. It is clear that Pw,w′ is a CR invariant operator,
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and expanding (4.1) shows that it is natural in the sense that it is
given by a universal formula in terms of the pseudohermitian metric,
curvature, torsion, and connection. In flat space it has the correct
principal part, and it is easily seen that the correction terms in curved
space are of lower order.
We remark that the proof shows that in Theorem 4.1 a stronger state-
ment can be made about the principal part of Pw,w′: its nonisotropic
principal part, in which derivatives with respect to T are weighted by
a factor of 2, agrees with that of (−2)k.
The proof of Proposition 4.2 is preceeded by three lemmas.
Lemma 4.3. Let k1, k2 ∈ N0 and let (w,w′) satisfy n+w+w′ = k1+k2.
For a CR flat structure, we have as operators on E∗(w,w′):
DB · · ·DI︸ ︷︷ ︸
k1
DJ¯ · · ·DQ¯︸ ︷︷ ︸
k2
= (−1)k1+k2ZB · · ·ZIZJ¯ · · ·ZQ¯ k1,k2
for a differential operator k1,k2.
Proof. It follows from (3.7) that if f ∈ E∗(w,w′), then
ZADBDC · · ·DIDJ¯ · · ·DQ¯f = −DADBDC · · ·DIDJ¯ · · ·DQ¯f.
Skewing on A and B and recalling (4.2) gives
Z[ADB]DC · · ·DIDJ¯ · · ·DQ¯f = 0.
Again using (4.2), we can commute the D’s to conclude that the com-
mutator can be taken on any of the unbarred indices:
Z[AD|B · · ·DE|DF ]DG · · ·DIDJ¯ · · ·DQ¯f = 0
for F = B,C, · · · I. Recalling (3.9), we obtain similarly
Z[A¯D|B · · ·DIDJ¯ · · ·DM¯ |DN¯ ]DP¯ · · ·DQ¯f = 0
for N¯ = J¯ · · · Q¯. Therefore
DBDC · · ·DIDJ¯ · · ·DQ¯f
must be proportional to each of ZB, · · · , ZQ¯, and the result follows. 
Lemma 4.4. In Lemma 4.3, we have k1,k2 = k′1,k′2 if k1+k2 = k
′
1+k
′
2.
Proof. It suffices to show that for k2 ≥ 1 we have k1,k2 = k1+1,k2−1
as operators on E∗(w,w′) with (w,w′) as in Lemma 4.3. This is a
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consequence of (3.7), (4.2) and (3.9) as follows:
(−1)k1+k2ZAZB · · ·ZIZJ¯ · · ·ZQ¯ k1,k2
= ZADB · · ·DI︸ ︷︷ ︸
k1
DJ¯ · · ·DQ¯︸ ︷︷ ︸
k2
= −DADB · · ·DIDJ¯DK¯ · · ·DQ¯
= −DJ¯DADB · · ·DIDK¯ · · ·DQ¯
= ZJ¯DADB · · ·DIDK¯ · · ·DQ¯
= (−1)k1+k2ZAZB · · ·ZIZJ¯ · · ·ZQ¯ k1+1,k2−1.

Lemma 4.5. For flat pseudohermitian structures, we have
[, D˜A] = 0, [
k, ZA] = k
k−1D˜A
on any weighted tractor bundle.
Proof. The first equation follows by direct calculation from the defini-
tions. The second is a consequence of the first together with (3.8). 
Proof of Proposition 4.2. According to Lemmas 4.3 and 4.4, in order
to establish (4.3) it suffices to show that for k ≥ 1, we have for flat
pseudohermitian structures k−1,0 = 
k as operators on E∗(w,w′) for
n+ w + w′ + 1 = k. We prove this by induction on k. The case k = 1
is clear. Suppose the statement is true for k and let f ∈ E∗(w,w′) with
n+ w + w′ = k. Note that it follows from Lemma 4.3 that
ZA k,0f = − k−1,0DAf.
Combining this with the induction hypothesis and then using (3.7) and
Lemma 4.5 gives
ZA k,0f = −
kDAf = −
k(kD˜A − ZA)f = ZA
k+1f,
as desired.
Now (4.4) follows upon repeatedly applying (3.5) and its conjugate
to (4.3), and (4.5) follows upon comparing (4.3) for k2 = 0 with the
conjugate of (4.3) for k1 = 0, recalling from (3.9) that  =  on
E∗(w,w′) for n+ w + w′ = 0.
For CR flat structures, Lemmas 4.3 and 4.4 show that the operator
k1,k2 is CR invariant and depends only on k1 + k2, and its principal
part is easily determined. It follows that for CR flat structures we can
extend the definition of Pw,w′ to the case n + w + w′ + 1 = k ∈ N
without the restriction k ≤ n+1 by setting Pw,w′ = (−2)k k1,k2. Then
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for CR flat structures Pw,w′ is independent of the choice of barred and
unbarred indices (and of their ordering, as already observed).
In the curved case, one expects by analogy with the conformal case
(see the discussion in [17], [9]) that it is no longer generally true that
DB · · ·DIDJ¯ · · ·DQ¯ is proportional to ZB · · ·ZIZJ¯ · · ·ZQ¯, necessitat-
ing the application of DQ¯ · · ·DJ¯DI · · ·DB as in (4.4) and leading to
the condition (w,w′) /∈ N0 × N0 in Theorem 4.1. However, for k = 2
this is not necessary even in the curved case: if f ∈ E(w,w′) with
n+w+w′ = 1, one can see by direct calculation from the definitions that
the first two slots of DAf vanish, so we have 4DAf = −ZALw,w′f
for a fourth order operator Lw,w′ whose principal part agrees with that
of ∆2b . Applying D
A shows that Lw,w′ = Pw,w′ if w 6= 0, so in this
case nothing new is obtained. However, if n = 1 we conclude the
existence of an invariant operator L0,0 : E(0, 0) → E(−2,−2) not cov-
ered by Theorem 4.1. For n = 1, we may therefore extend the def-
inition of the family Pw,w′ by setting P0,0 = L0,0. We shall recover
P0,0 and show the existence of higher dimensional analogues mapping
E(0, 0) → E(−n − 1,−n − 1) in the next section using the ambient
metric.
Next we show that as long as the D’s are ordered consistently, the
operators Pw,w′ constructed in Theorem 4.1 are self-adjoint. Observe
first that under the change of scale θˆ = eΥθ, the volume form θ ∧
(dθ)n multiplies by e(n+1)Υ, so the bundle of volume densities can be
canonically identified with E(−n − 1,−n − 1) and
∫
M
f is invariantly
defined for f ∈ E(−n − 1,−n − 1). (Throughout this discussion we
assume that all sections are compactly supported.) In general, if L :
E → F is a differential operator between complex vector bundles E
and F , then the formal adjoint L∗ : F
∗
⊗ E(−n − 1,−n − 1) → E
∗
⊗
E(−n− 1,−n− 1) is defined by
∫
M
〈Lu, v〉 =
∫
M
〈u, L∗v〉
for u ∈ Γ(E), v ∈ Γ(F
∗
⊗ E(−n − 1,−n − 1)), where E
∗
denotes the
conjugate of the dual bundle to E. We have E(w,w′)
∗
= E(−w′,−w).
If n + w + w′ + 1 = k ∈ N, then by our implicit assumption that
w−w′ ∈ Z it follows that w,w′ ∈ R, so the operators Pw,w′ : E(w,w′)→
E(w − k, w′ − k) constructed in Theorem 4.1 have the property that
also Pw,w′∗ : E(w,w′) → E(w − k, w′ − k). Recall that the operators
Pw,w′ depend on a choice of ordering of barred and/or unbarred indices
before and after the middle . We shall say that the indices are ordered
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consistently if the order of the indices before the  is the opposite of
those after the .
Proposition 4.6. If (w,w′) is as in Theorem 4.1 and if the indices
are ordered consistently, then Pw,w′ : E(w,w′) → E(w − k, w′ − k) is
self-adjoint.
Proof. The proposition clearly follows if we show that  is self-adjoint
on E∗(w,w′) for n + w + w′ = 0 and that
(4.6)
∫
M
DAf · g
A =
∫
M
f ·DAg
A
for f ∈ E∗(w,w′), gA ∈ EA ⊗ E∗(−n − w,−n − w′ − 1), where the
supressed tractor indices on f and gA are the same and we have denoted
by ‘·’ the full contraction of these tractor indices.
An easy calculation shows that the divergence operator fα → ∇αfα
is CR invariant : Eα(−n,−n)→ E(−n− 1,−n− 1) and integration by
parts (see (2.18) of [31]) shows that
(4.7)
∫
M
∇αfα = 0
for fα ∈ Eα(−n,−n). Also it is easily seen from (3.6), (2.4) and (3.4)
that
n = n∇α∇α + w[∇
α,∇α] + w(n+ w − w
′)P
on E∗(w,w′). Therefore for f ∈ E∗(w,w′), g ∈ E∗(−n−w,−n−w′) we
have
n
∫
M
f · g
=
∫
M
(n∇α∇αf + w[∇
α,∇α]f + w(n+ w − w
′)Pf) · g
=
∫
M
f · (n∇α∇
αg + w[∇α,∇
α]g + w(n+ w − w′)Pg)
=
∫
M
f · (n∇α∇αg − (n + w)[∇
α,∇α]g + w(n+ w − w
′)Pg)
= n
∫
M
f · (g + (n+ w + w′)Pg).
(4.8)
Self-adjointness of  when n + w + w′ = 0 follows immediately from
this together with the fact that  =  when n + w + w′ = 0. Finally,
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if f ∈ E∗(w,w′) and
gA =

 στα
ρ

 ∈ EA ⊗ E∗(−n− w,−n− w′ − 1),
then the definition of DA gives
DAf · g
A = w(n+ w + w′)f · ρ+ (n+ w + w′)∇αf · τ
α −f · σ,
while a computation shows that
DAg
A = w(n+w+w′)ρ− (n+w+w′)∇ατ
α − (+ (n+w+w′)P )σ.
Therefore (4.6) follows from (4.7) and (4.8). 
5. Invariant Operators Via Fefferman Metric
In this section we review Lee’s formulation ([30]) of the Fefferman
conformal structure and the construction in [22] of the invariant powers
of the Laplacian on a conformal manifold via the ambient metric. Com-
bining these produces CR invariant powers of the sub-Laplacian. For
a hypersurface in Cn+1, this construction can be expressed in terms
of Fefferman’s original formulation, and reexpressed in terms of the
associated Cheng-Yau metric.
In Lee’s formulation (see also [11], [3]), the Fefferman metric of a
CR manifoldM lives on the circle bundle K∗/R+, where K denotes the
canonical bundle ofM , and K∗ = K\0. A section ζ of K∗ determines a
fiber variable ψ on K∗/R+ by the requirement that e
iψζ be in the given
R+-equivalence class. Suppose that θ is a choice of pseudohermitian
form, that ζ is volume normalized with respect to θ, and choose an
admissible coframe θα such that ζ = θ∧ θ1 ∧ · · · ∧ θn. The 1-form σ on
K∗/R+ defined by
(n+ 2)σ = dψ + iωα
α −
1
2(n+ 1)
Rθ
is independent of the choice of ζ and θα, so depends only on θ and is
globally defined. The Fefferman metric associated to θ is the metric of
signature (2p+ 1, 2q + 1) given by
g = hαβθ
α · θβ + 2θ · σ.
In [30] it is shown that if θˆ = eΥθ, then gˆ = eΥg, so that the con-
formal class of g is CR invariant. Lee also explicitly calculated the
connection forms and Ricci curvature of g. From his expression for the
connection, it follows that all components of the curvature tensor of
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g and its iterated covariant derivatives are given by universal expres-
sions in the pseudohermitian metric, curvature and torsion and their
pseudohermitian covariant derivatives.
As in Section 2, we assume that K admits an (n + 2)nd root, which
we fix. For our purposes it will be useful to work on the circle bundle
C = (K∗)1/(n+2)/R+. The Fefferman metric pulls back via the (n+2)nd
power map to a metric on C which we shall also denote by g. A fiber
variable γ on C satisfies (n+ 2)γ = ψ.
The metric bundle of a manifold C of dimension N with a conformal
class of metrics [g] of signature (P,Q) is the ray subbundle G ⊂ S2T ∗C
of multiples of the metric: if g is a representative metric, then the fiber
of G over p ∈ C is {t2g(p) : t > 0}. The bundle of conformal densities
of weight w ∈ C is E(w) = G−w/2, where by abuse of notation we have
denoted by G also the line bundle associated to the ray bundle defined
above. The main result of [22] is the existence, for k ∈ N satisfying
k ≤ N/2 if N is even, of a conformally invariant natural differential
operator Pk : E(−N/2+k)→ E(−N/2−k) with principal part equal to
that of ∆k. These operators are constructed in [22] using the ambient
metric of [15]. Denote by pi : G → C the natural projection of the metric
bundle, and by g the tautological symmetric 2-tensor on G defined for
(p, g) ∈ G and X, Y ∈ T(p,g)G by g(X, Y ) = g(pi∗X, pi∗Y ). There are
dilations δs : G → G for s > 0 given by δs(p, g) = (p, s
2g), and we
have δ∗sg = s
2g. Denote by S the infinitesimal dilation vector field
S = d
ds
δs|s=1. Define the ambient space G˜ = G × (−1, 1). Identify G
with its image under the inclusion ι : G → G˜ given by ι(g) = (g, 0) for
g ∈ G. The dilations δs and infinitesimal generator S extend naturally
to G˜. The ambient metric g˜ is a metric of signature (P + 1, Q + 1)
on G˜ which satisfies the initial condition ι∗g˜ = g, is homogeneous in
the sense that δ∗s g˜ = s
2g˜, and is an asymptotic solution of Ric(g˜) = 0
along G. For N odd, these conditions uniquely determine a formal
power series expansion for g˜ up to diffeomorphism, but for N even and
N > 2, a formal power series solution exists in general only to order
N/2.
An element of E(w) can be regarded as a homogeneous function of
degree w on G. It is shown in [22] that the same operator Pk arises in
two ways:
(1) By extending a density f ∈ E(−N/2 + k) to a function f˜ ho-
mogeneous of degree −N/2 + k on G˜, applying ∆˜k, where ∆˜
denotes the Laplacian in the metric g˜, and restricting back to
G: Pkf = ∆˜kf˜ |G .
POWERS OF THE SUB-LAPLACIAN 23
(2) As the normalized obstruction to extending f˜ ∈ E(−N/2 + k)
to a smooth function F˜ homogeneous of degree −N/2 + k on
G˜, such that F˜ satisfies ∆˜F˜ = 0 to infinite order along G.
For N even, the condition k ≤ N/2 is needed to ensure that the con-
struction does not involve too many derivatives of the ambient metric.
We remark that 2. above can be restated in terms of non-smooth solu-
tions: there are infinite order formal solutions whose expansion includes
a log term, and the invariant operator applied to f can be characterized
as a multiple of the restriction to G of the coefficient of the log term of
a formal solution which equals f on G.
Let nowM be a CR manifold of dimension 2n+1. We associate toM
its Fefferman conformal manifold (C, [g]), of dimension N = 2n+2. Vol-
ume normalization gives a canonical identification between (K∗)1/(n+2)
(with usual scalar multiplication) and the metric bundle of (C, [g])
(with dilations δs) as R+-principal bundles over C. Now a CR den-
sity f ∈ E(w,w′) may be viewed as a smooth function on (K∗)1/(n+2)
homogeneous of degree (w,w′) in the sense that f(λξ) = λwλw
′
f(ξ) for
ξ ∈ (K∗)1/(n+2). Therefore E(w,w′) may be regarded as the subspace
of the space of conformal densities E(w + w′) which satisfy
(5.1) (eiφ)∗f = ei(w−w
′)φf , φ ∈ R,
where on the left hand side, (eiφ)∗ denotes pull back by the isometry
of (C, g) given by multiplication by eiφ.
Proof of Theorem 1.1. The conformally invariant operator Pk of [22]
satisfies Pk : E(w+w′)→ E(w+w′−2k). Since multiplication by eiφ is
an isometry of (C, g) and Pk is a natural operator, it follows that Pkf
satisfies (5.1) if f does. Therefore Pk induces an operator from E(w,w′)
to E(w−k, w′−k). Define Pw,w′ = 2−kPk|E(w,w′). The CR invariance of
Pw,w′ follows from the conformal invariance of Pk. Using the formulae
in [30] for the connection of the Fefferman metric, one can see with-
out difficulty that any component of an iterated covariant derivative
of f ∈ E(w,w′) with respect to the Levi-Civita connection of g has a
universal expression in terms of pseudohermitian covariant derivatives
of f and the pseudohermitian metric, torsion and curvature. Since
Pk is a natural differential operator associated to pseudo-Riemannian
manifolds, it follows that Pw,w′ is a natural differential operator asso-
ciated to pseudohermitian manifolds in the sense that it also has such
a universal expression. It is easily seen that the principal part of Pw,w′
agrees with that of ∆kb .
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For k = 1 it is straightforward to carry out the calculation of Pw,w′
from the conformal Laplacian P1; one finds in that case that Pw,w′ =
Pw,w′ = −2.
The conformal operators Pk have been shown in [24] and [16] to be
self-adjoint; the argument in [16] is formal and valid in general signa-
ture. From this, the self-adjointness of Pw,w′ is an easy consequence:
Proposition 5.1. If n + w + w′ + 1 = k ≤ n + 1, then the operator
Pw,w′ : E(w,w′)→ E(w − k, w′ − k) is self-adjoint.
Proof. If f1, f2 ∈ E(w,w′), then Pw,w′f1 f2 = 2−kPkf1 f2 ∈ E(−n −
1,−n − 1) ⊂ E(−N) is invariant under rotation in C. It follows that∫
M
Pw,w′f1 f2 is a constant multiple of
∫
C Pkf1 f2, so the self-adjointness
of Pw,w′ follows from that of Pk. 
A nondegenerate hypersurface M ⊂ Cn+1 inheirits a CR structure.
This was the setting for Fefferman’s original construction of the ambi-
ent metric and conformal metric in [12], [13]. The ambient metric is
defined above on GC × (−1, 1) = (K∗M)
1/(n+2) × (−1, 1), which we may
identify with (K∗
Cn+1
)1/(n+2) over a neighborhood U ⊂ Cn+1 ofM , since
KM is the restriction of KCn+1. Introduce a variable z
0 ∈ C, which is
interpreted as a fiber coordinate on (KCn+1)
1/(n+2) relative to the triv-
ialization defined by (dz1 ∧ . . . ∧ dzn+1)1/(n+2). So the ambient metric
is defined on C∗×U . Fefferman showed that M has a smooth defining
function φ which solves J(φ) = 1 +O(φn+2), where
J(φ) = (−1)p+1 det
(
φ φb
φa φab
)
1≤a,b≤n+1
Here the subscripts denote coordinate derivatives and the Levi form
−φab|T 1,0M has signature (p, q), p+q = n. The functionQ := −|z
0|2φ(z)
satisfies (−1)q+1 det(∂2
AB
Q) = |z0|2(n+1)J(φ), where A,B = 0, . . . , n+1.
The Hermitian matrix (∂2
AB
Q) is therefore nondegenerate and defines
a Ka¨hler metric g˜ of signature (p + 1, q + 1) which is approximately
Ricci flat alongM . This metric is clearly homogeneous of degree 2 and
it is shown in [30] that its restriction to S1 ×M (Fefferman’s original
definition of the Fefferman metric) agrees with the definition above for
the Fefferman metric of the pseudohermitian form θ = i(∂ − ∂)φ/2.
Therefore the Ka¨hler metric g˜ is the ambient metric associated to M .
We remark that in this formulation, the pseudohermitian form θ =
i(∂ − ∂)φ/2 is not general: the condition J(φ) = 1 on M means that
the closed form dz1 ∧ . . .∧ dzn+1 is volume normalized with respect to
θ. This forces conditions on θ: if n > 1 then θ is pseudo-Einstein ([31]);
the corresponding condition for n = 1 is given in [25]. Invariance under
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rescaling θ is replaced by invariance under biholomorphic changes of
coordinates.
For M a hypersurface in Cn+1, a section of E(w,w′) can be regarded
as a function on C∗ × M homogeneous of degree (w,w′) in z0. The
invariant operators Pw,w′ are therefore realized as the obstruction to
extending such a function to be homogeneous and harmonic with re-
spect to the Laplacian ∆˜ in the Ka¨hler metric g˜, or equivalently by
applying ∆˜k to an arbitrary homogeneous extension.
We next show how this realization of the operators Pw,w′ can be
reformulated in terms of the Ka¨hler metric
(5.2) gab = (logφ
−1)ab
on {φ > 0} ⊂ Cn+1. If φ solves J(φ) = 1 exactly, then g is the
Ka¨hler-Einstein metric of Cheng-Yau [8]. We begin by considering the
relationship between the Laplacians of g˜ and g for a general metric
of the form (5.2), not necessarily assuming that φ is an approximate
solution of J(φ) = 1. We continue to use capital indices A,B which
run between 0 and n+ 1, so for example
(5.3) g˜AB = −
(
φ z0φb
z0φa |z0|2φab
)
.
Lower case indices a, b will be raised and lowered using
(5.4) gab = −φ
−1φab + φ
−2φaφb
and its inverse.
As observed in [32], the choice of defining function φ determines near
M a (1, 0) vector field ξa and a scalar function r (called the transverse
curvature in [23]), as follows. Observe first that since φab|T 1,0M is non-
degenerate, there is a unique direction in T 1,0Cn+1 which is orthogonal
to ker ∂φ with respect to φab. Therefore, nearM there is a unique (1, 0)
vector field ξa satisfying
(5.5) φabξ
b = rφa, ξ
aφa = 1
for some uniquely determined smooth function r, and we have
(5.6) r = φabξ
aξb.
Proposition 5.2. When acting on functions which are homogeneous
of degree (w,w′) with respect to z0, we have
(5.7) (φ|z0|2)∆˜ = ∆g +
w′φ
1− rφ
ξa∂a +
wφ
1− rφ
ξb∂b −
ww′rφ
1− rφ
.
Here ∆˜ denotes the Ka¨hler Laplacian −g˜AB∂2
AB
and similarly for ∆g.
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Proof. Our first observation is a matrix factorization of g˜ given by (5.3):
(5.8) g˜AB =
(
φ1/2 0
z0φ−1/2φa z
0φ1/2δa
c
)(
−1 0
0 gcd
)(
φ1/2 z0φ−1/2φb
0 z0φ1/2δdb
)
.
Taking inverses and multiplying out gives
(5.9) (|z0|2φ)g˜AB =
(
|z0|2(φ−2φaφa − 1) −z0φ−1φb
−z0φ−1φa gab
)
,
from which we obtain
(5.10)
(|z0|2φ)∆˜ = ∆g + φ
−1φa∂az
0∂0 + φ
−1φb∂bz
0∂0 − (φ
−2φaφa − 1)|z
0|2∂200.
We want to rewrite the coefficients of the last three terms. Define
lab = rφaφb − φab so that labξ
b = 0. Then lab is nondegenerate on
ker ∂φ, so we may consider its inverse there, extend to annhilate φa,
and thus obtain a tensor kab defined by the relations kabφb = 0 and
kablcb = δ
a
c − ξaφc. Now (5.4) gives gab = φ
−1(lab + (1 − rφ)φ
−1φaφb),
so gab = φ(kab + φ(1 − rφ)−1ξaξb). From this we conclude that φ−1gab
extends smoothly across φ = 0, and that
(5.11) φa =
φ2
1− rφ
ξa, φaφa =
φ2
1− rφ
.
Substituting into (5.10) and using homogeneity gives (5.7). 
Remarks. The factorization (5.8) also gives a direct relation between
the metrics g˜ and g: g˜ = (|z0|2φ)
[
g − (dz
0
z0
+ ∂φ
φ
)(dz
0
z0
+ ∂φ
φ
)
]
. Note
that Q = −|z0|2φ is the g˜-length squared of the (1, 0) Euler field z0∂0.
Define differential operators in a neighborhood of M in Cn+1 by
∆w,w′ = φ
−1∆g +
w′
1− rφ
ξa∂a +
w
1− rφ
ξb∂b −
ww′r
1− rφ
.
By the observation in the proof of Proposition 5.2, ∆w,w′ has coeffi-
cients smooth near M . It follows from Proposition 5.2 that extending
a section of E(w,w′) to be harmonic with respect to ∆˜ is the same as
extending the corresponding function onM to be annihilated by ∆w,w′.
Therefore we conclude:
Proposition 5.3. If w+w′+n+1 = k ≤ n+1, the invariant operator
Pw,w′ is the (normalized) obstruction to extending a smooth function
on M to a smooth solution of ∆w,w′u = 0, where φ is chosen to solve
J(φ) = 1 +O(φn+2).
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In particular, P0,0 is the obstruction to smoothly solving ∆gu = 0 with
u having prescribed boundary value.
In the setting of Proposition 5.3, the obstruction, or compatibility
operators, were studied in [19], [20], [23]. In [20], the operators Pw,w′
were calculated explicitly for the sphere and the Heisenberg group with
their usual defining functions, which solve J(u) = 1 exactly. Of course
in this flat situation, the ambient metric is invariantly defined to all
orders, so the invariant operators Pw,w′ exist without the restriction
k ≤ n + 1. The result is that each Pw,w′ is a product of various of
the Folland-Stein operators ∆b + iαT on the Heisenberg group, or the
analogous operators of Geller on the sphere. One can explicitly check
that for the Heisenberg group, the operator Pw,w′ in [20] agrees with the
operator Pw,w′ = (−2)k derived via tractors for flat pseudohermitian
structures in Proposition 4.2.
In [23], a connection on a neighborhood of M in Cn+1 associated
to an arbitrary defining function φ was derived along with an explicit
formula for ∆g in terms of this connection (Proposition 2.1 of [23]).
This together with the expressions for the curvature of this connection
given in [23] (for commuting derivatives) in principle enable explicit
calculation of the obstruction operators in the curved case in terms of
pseudohermitian curvature and torsion and their derivatives, and the
transverse curvature r and its derivatives. For general φ, the obstruc-
tion operator was calculated in [23] for n = 1 and w = w′ = 0 to
be:
(5.12) ∆2b + T
2 + 4 Im∇β(A
αβ∇α),
where all the quantities involved are those for the pseudohermitian
structure induced by φ on M . The CR invariance of this operator
was observed in [25], from which one concludes that for n = 1, P0,0
is given by this formula for any choice of pseudohermitian structure.
Direct calculation shows that the operator P0,0 : E(0, 0) → E(−2,−2)
discussed after the proof of Proposition 4.2 agrees with P0,0.
When w = w′, the invariant operators can also be characterized
as obstructions, or equivalently as log term coefficients, when solving
(∆g+w(n+1+w))u = 0. This is analogous to the corresponding char-
acterization of the conformal operators Pk given in [24]. The resolvent
(∆g − s(n+ 1− s))−1 has been studied in [10].
Proposition 5.4. If u is a function on Cn+1, then
(5.13) ∆˜(|z0|2wφwu) = (|z0|2φ)w−1(∆g + w(n+ 1 + w))u.
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Therefore, if n+1+2w ∈ N and w ≤ 0, then Pw,wf is the (normalized)
obstruction to solving (∆g + w(n+ 1+w))u = 0 with φ
wu smooth and
φwu = f on M , where φ is chosen to solve J(φ) = 1 +O(φn+2).
Proof. The relation (5.13) is a direct calculation from (5.7). One ex-
pands the right hand side of (5.7) applied to φwu using the Leibnitz
rule and simplifies using (5.5), (5.6), (5.11), and the fact that
gabφab = φ(1− rφ)
−1((n+ 1)rφ− n).
This latter is a consequence of substituting (5.4) into gabgab = n+1. 
We remark that there is a similar relation in the case w 6= w′ in terms
of a family of modifications of ∆g by both first and zeroth order terms,
obtained by calculating ∆˜((z0)w(z0)w
′
φ(w+w
′)/2u).
We close with a brief discussion of CR Q-curvature, considered also
in [14]. First recall Branson’s ([2]) formulation of Q-curvature in con-
formal geometry. For this discussion denote by PNk the operator Pk
in dimension N . Fix k ∈ N. The construction of [22] shows that the
operator PNk is natural in the strong sense that P
N
k f may be written as
a linear combination of complete contractions of products of covariant
derivatives of the curvature tensor of a representative for the conformal
structure with covariant derivatives of f , with coefficients which are ra-
tional in the dimension N . Also, the zeroth order term of PNk may be
written as PNk 1 = (N/2− k)Q
N
k for a scalar Riemannian invariant Q
N
k
with coefficients which are rational in N and regular at N = 2k. The
Q-curvature in even dimension N is then defined as Q = QNN/2. An an-
alytic continuation argument in the dimension then shows that under
the conformal rescaling gˆ = e2Υg, we have eNΥQˆ = Q+ PN/2Υ.
IfM is a pseudohermitian manifold, the Q-curvature of its Fefferman
metric is invariant under rotations, so defines a function on M which
we denote by QF . It is then natural to define the CR Q-curvature of
(M, θ) by Qθ = 2
−nQF . Observations above imply that Qθ is given by
a universal formula in the pseudohermitian metric, torsion, curvature
and their covariant derivatives. The transformation law for conformal
Q-curvature gives immediately that if θˆ = eΥθ, then
(5.14) e(n+1)ΥQθˆ = Qθ + P0,0Υ.
For N = 4, the conformal Q-curvature is given by 6Q = ∆K +K2 −
3|Ric |2, where K denotes the scalar curvature. Using Lee’s formulae
for ∆, K, and Ric, it is straightforward to calculate this for the Fef-
ferman metric; one obtains that the Q-curvature for 3-dimensional CR
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manifolds is given by:
(5.15) 3Qθ = 2(∆bR− 2 Im∇
α∇βAαβ).
This quantity was introduced by Hirachi [25], who showed that it gives
the coefficient of the log term in the Szego¨ kernel. He also established
the transformation law (5.14) in terms of the operator (5.12) by direct
calculation.
The role of Q-curvature in CR geometry is not clear. In the con-
formal case, the total Q-curvature
∫
Q is an interesting invariant of a
compact conformal manifold. However, since the expression in (5.15)
is a divergence, it follows that we have
∫
M
Qθ = 0 for the correspond-
ing integral for 3-dimensional CR manifolds. Also, the Q-curvature
vanishes identically for a hypersurface in Cn+1 with pseudohermitian
structure induced by a solution of J(φ) = 1+O(φ). A proof of this fact
using a characterization of Q-curvature in terms of the ambient metric
is given in [14]. It can also be seen directly from the definition by not-
ing that the zeroth order term PNk 1 for the conformal operator for the
Fefferman metric is a multiple of (∆˜k|z0|k−N/2)|z0=1. However, already
∆˜|z0|k−N/2 = −g˜00∂2
00
|z0|k−N/2 vanishes to second order at k = N/2.
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